LOWER BOUNDS ON THE LOWEST SPECTRAL GAP OF 
SINGULAR POTENTIAL HAMILTONIANS 



SYLWIA KONDEJ AND IVAN VESELIC 

Abstract. We analyze Schrodinger operators whose potential is given by 
a singular interaction supported on a sub-manifold of the ambient space. 
Under the assumption that the operator has at least two eigenvalues below 
its essential spectrum we derive estimates on the lowest spectral gap. In 
the case where the sub-manifold is a finite curve in two dimensional Eu- 
clidean space the size of the gap depends only on the following parameters: 
the length, diameter and maximal curvature of the curve, a certain pa- 
rameter measuring the injectivity of the curve embedding, and a compact 
sub-interval of the open, negative energy half-axis which contains the two 
lowest eigenvalues. 



Dedicated to Kresimir Veselic on the occasion of his 65 th birthday. 



1. Model and results 

This paper studies quantum Hamiltonians with singular potentials, also called 
singular interactions. This kind of perturbations are particularly important for 
nanophysics because they model "leaky" nanostructures. More precisely, the 
Hamiltonians describe nonrelativistic quantum particles which are confined to a 
nanostructure, e.g. a thin semiconductor, with high probability, but still allowed 
to tunnel in and through the classically forbidden region. 

An idealization of this situation is a (i-dimensional quantum system with 
the potential supported by a finite collection of sub-manifolds T G R rf whose 
geometry is determined by the semiconductor structure. In general the different 
manifolds in the collection T may have different dimensions. The corresponding 
Hamiltonian may be formally written as 

(1) -A - a5{x - T) , 

where a > denotes the coupling constant. 

Various results concerning the spectrum of Hamiltonians with singular per- 
tubations were already obtained, for instance, in [BEKS94], and more recently 
in [EI01], [EY02], [EY03], [EK02], [EK03]. However almost nothing is known 
about gaps between successive eigenvalues. Some estimates for spectral gaps 
can be recovered from the results given in [EY02] , [EK03] but only for the strong 
coupling constant case, i.e. a — * oo. The aim of this paper is to make progress 
in this field and obtain lower bounds for the first spectral gap E\ — Eq, where 
E\ , Eq are the two lowest eigenvalues. 



To appear in slightly different form in Ann. Henri Poincare. 
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Since singular potentials are a generalization of regular ones let us give a 
brief review of some facts known for the latter before formulating our results. 
It is well known that the double well potential with widely separated minima 
gives rise to eigenvalues which tend to be grouped in pairs. The classical result 
by Harrell (see [Har80]) shows that the magnitude of splitting is exponentially 
small with respect to the separation parameter, i.e. the distance between the 
wells. This leads naturally to the question whether for more general potentials 
V one can obtain bounds for eigenvalue splittings in terms of the geometry of V 
and a spectral parameter at or near the eigenvalues in question. The problem 
was studied by Kirsch and Simon in [KS85, KS87]. It was shown that for 
one dimensional Schrodinger operators —A + V, where V is a smooth function 
supported on a set [a, b], the eigenvalue gaps can be bounded in the following 
way 

(2) E n - > vrA V A ( 6 ~ a ) , n G N 

where 

A= max \E-V(x)\ 1 / 2 , 

Ee]E n ,B„_i[;xe]a,6[ 

cf. [KS85]. For the multi-dimensional case an exponential lower bound for the 
spectral gap E\ — Eq was found in [KS87]. 

Our main result can be considered as the analog for singular potentials of the 
results in [KS87]. Thus we return to the main topic of this paper and ask the 
question: can one find exponential lower bounds for the eigenvalues splittings 
for Schrodinger operators with singular interactions? We address this question 
for a two dimensional system with a potential supported by a finite curve (or 
more generally finitely many disconnected curves). The desired lower bound is 
expressed in terms of geometric properties of T. A crucial role is played by the 
diameter 2R of V. 

• The main aim of this paper is to show the following lower bound (see 
Theorem 4.3) 

Ei — Eq > n\nY,a{p, K-o)e~ Cop , with p := kqR 

where Ki = y/—E~i and Co is a constant. The dependence of the function 
fir, a on geometric features of T is given explicitely in equation (45) . 

To prove the above estimate we establish some auxiliary results which, in our 
opinion, are interesting in their own right. They, for example, concern the 

• generalization to singular potentials of techniques developed in [DS84], 
[KS87] to estimate the first spectral gap, 

• analysis of the behaviour of eigenfunctions: exponential decay, localiza- 
tion of maxima and nodal points, 

• estimates for gradients of eigenfunction, in particular near the support 
of the singular potential. 

The last mentioned point concerns a step in our strategy which is very different 
from the route taken in [KS87]. There, in fact, a gradient estimate of eigen- 
functions is derived relying on the assumption that the potential is bounded - 
a situation quite opposite to ours. 
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The paper is organized as follows. In Section 2 we present some general 
facts about Hamiltonians with singular potentials. In Section 3 we adapt to the 
singular potential case an abstract formula for the first spectral gap which was 
derived in [DS84], [KS87] for regular potentials. 

In Section 4 we specialize to the case where the support of the potential is a 
finite curve T in a two-dimensional Euclidean ambient space. In this situation 
we derive our most explicite lower bound on the first spectral gap in terms of 
geometric parameters of F. The proof of this result is contained in the three 
last sections. 

Section 5 contains several estimates on the pointwise behaviour of eigen- 
functions. In Section 6 we establish upper and lower bounds on gradients of 
eigenf unctions. Special attention and care are given to the behaviour near the 
support of the singular interaction. A technical estimate is deferred to Appen- 
dix A. Section 7 is devoted to the discussion of our results and of some open 
questions. 

Acknowledgment It is a pleasure to thank David Krejcifik for comments on an 
earlier version of this paper. S.K. is grateful for the hospitality extended to her at the 
Technische Universitat Chemnitz, where the most of this work was done. The research 
was partially supported by the DFG under grant Ve 253/2-1 within the Emmy-Noether- 
Programme. 

2. Generalized Schrodinger operators 

We are interested in Hamiltonians with so called singular perturbations. In 
general, this kind of perturbation is localized on a set of Lebesgue measure 
zero. In this paper we consider more specifically operators with an interaction 
supported on an orientable, compact sub-manifold T C M d of class C 2 and 
codimension one. The manifold V may, but need not, have a boundary. 

The Hamiltonian with a potential perturbation supported on T can be for- 
mally written as 

(3) -A - a5{x - T) , 

where a > is a coupling constant. 

To give (3) a mathematical meaning we have to construct the corresponding 
selfadjoint operator on L 2 := L 2 (R d ). The scalar product and norm in L 2 will 
be denoted by (•, •) and || • ||, respectively. Let us consider the Dirac measure 
or in R d with support on T, i.e. for any Borel set G C M. d we have 

a r (G) := Si _i(Gnr), 

where s^-i is the d — 1 dimensional surface measure on V. It follows from the 
theory of Sobolev spaces that the trace map 

h T ■ W 1 ' 2 -► L 2 (a r ) , where W 1 ' 2 := W^ 2 (R d ) , L 2 (a r ) := L 2 (R d , a r ) 

is a bounded operator. Using the trace map we construct the following sesquilin- 
ear form 

(4) S aar (il>,<f>)= Vip(x)V0(x)dx - a / (I ar tp)(x)(I ar ^)(x)da r (x) , 
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for ip,(j> e IU 1 ' 2 . From Theorem 4.1 in [BEKS94] we infer that the measure 
<7r belongs to the generalized Kato class, which is a natural generalization of 
the notion of Kato class potentials. In particular, for such a measure and an 
arbitrary a > there exists b a < oo such that 

/ \(I ar iP)(x)\ 2 da T (x) < a\\ViP\\ 2 + b a U\\ 2 . 

This, in turn, implies that the form £ a<Jr is closed. Consequently there exists a 
unique selfadjoint operator H aar acting in L 2 associated to £ a a r - This operator 
H aar gives a precise meaning to the formal expression (3). 

Remark 2.1. Using an argument from [BEKS94] we can define the opera- 
tor H aar by appropriate selfadjoint boundary conditions on T. Denote by 
n: T -► § d a global unit normal vectorfield on T. Let D(H aar ) denote the set 
of functions 

tp g c(R d ) n w 1 ' 2 (R d ) n c°°(iR d \ r) n w 2 ' 2 (R d \ r) 

which satisfy 1 

(5) d^tp(x) + 9~ip(x) = —aip(x) for x £ T , 

where 

By Green's formula we have for ip, <j> € D(H aar ) 

- (Aip(x))(/)(x)dx = S aar (tp,(f>) . 

Using this equation we can conclude exactly as in Remark 4.1 of [BEKS94] that 
the closure of —A with domain D(H aar ) is the selfadjoint operator H aar . 

It can be immediately seen from formula (5) that the opposite choice of the 
orientation of the manifold T does not change the boundary condition. It is 
useful to note that the eigenfunctions of H aar belong to C(R n ) n C°°(R n \ T), 
cf.[EY03]. 

Remark 2.2. The manifold T may have several components. We will provide 
proofs for our results only in the case that T is connected. The modification for 
the general case consists basically in the introduction of a new index numbering 
the components. See also the Remark 4.2. 

Definition 2.3 (Resolvent of H aar ). Since we are interested in the discrete 
spectrum of H aar we restrict ourselves to values in the resolvent set with neg- 
ative real part. 

For k > denote by R K := (— A + k 2 ) -1 the resolvent of the "free" Laplacian. 
It is an integral operator for whose kernel we write G k (x — x'). Furthermore 

1 In [BEKS94] the notation — is used for what we denote by d~ . 



lim 

e\0 



ip(x + en(xj) — ip{x) 



lim 

e\0 



tp(x — en(x)) — ij)(x) 
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define R* r dx as the integral operator with the same kernel but acting from L 2 
to L 2 (ot). Let R dx ar stand for its adjoint, i.e. R dx ar f = G K * for and finally 
we introduce R£ r ar defined by G K as an operator acting from L 2 (or) to itself. 
In the following theorem we combine several results borrowed from [BEKS94] 
and [Pos04, PosOl]. 

Theorem 2.4. (i) There is a kq > such that operator I — aR* r ar in L 2 (or) 
has a bounded inverse for any k > kq ■ 

(ii) Assume that I — aR£ r ar is boundedly invertible. Then the operator 
R aa r = R K + aR dx ar (I - OiRaj^arT 1 R a r ,dx 

maps I? to I? , -k 2 £ p(H aar ) and R* ar = (H aar + k 2 )^ 1 . 

(in) Suppose k > 0. The number —k 2 is an eigenvalue of H aar iff ker(7 — 

aR* r CT ) / {0}. Moreover, 

dim ker(H aar + k 2 ) = dimker(7 - aR* r ar ). 

(iv) Assume —k 2 is an eigenvalue of H aar . Then for every w K £ ker(7 — 
aR^ r a ) the function defined by 

(6) V>« == Rdx,a r ^K ■ 

is in D(H aar ) and satisfies H aar ip K = —K 2 ip K . 

Combining the statements (hi) and (iv) of the above theorem we get the 
equality 

(7) aI ar ip K = w K , 

which will be useful in the sequel, more precisely in equation (24). 

Remark 2.5 (Some facts about the spectrum of H a<Jv ). Since the perturbation 
is supported on a compact set the essential spectrum of H aar is the same as 
for free Laplacian, i.e. 

o- css (H aar ) = [0, oof, 

cf. [BEKS94]. From [BEKS94, EY03] we infer that H aar has nonempty discrete 
spectrum if d = 2 and a is positive. For d > 3 there is a critical value a c > 
for the coupling constant such that the discrete spectrum of H aar is empty if 
and only if a < a c . The discrete spectrum has been analyzed in various papers 
(see [EY02, EY03, EY04] and [Exn03]). It was shown, for example, that for 
a sub-manifold T without boundary we have the following asymptotics of the 
j-th eigenvalue of H aar in the strong coupling constant limit 

Q 2 ( lo£ CY \ 

(8) Ej(a) = -— + fij + l-^—j as a -> oo , 

where fj,j is the eigenvalue of an appropriate comparison operator. This operator 
is determined by geometric properties of T, i.e. its metric tensor. In the simplest 
case, when r C M 2 is a closed curve of length L determined as the range of the 
arc length parameterization [0, L] 3 s i— > j(s) G M 2 , the comparison operator 
takes the form 
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where jj^z is the Laplace operator with periodic boundary conditions and x := 
: [0, L] — > E is the curvature of T in the parameterization 7: [0, L\ — > E 2 . 

If the curve T is not closed analogous asymptotics as (8) can be proven. 
However now only upper and lower bounds on /ij can be established, namely 

fif < fij < fif , 

where /j,^, ^ are eigenvalues corresponding to Neumann, respectively Dirichlet 
boundary conditions of a comparison operator. 



3. The lowest spectral gap for singular perturbations 

The aim of this section is to give general formulae for the first spectral gap of 
H aar . Following the idea used for regular potentials (see for example ([DS84], 
[KS87]) we will introduce a unitary transformation defined by means of the 
ground state of H aav . 

Assume that there exists an eigenfunction tpQ of H aar which is positive almost 
everywhere. Such an eigenfunction is up to a scalar multiple uniquely defined, 
i.e. the corresponding eigenvalue is non-degenerate. We will show in Lemma 5.1 
that, if H aar is a Hamiltonian in E 2 with a singular potential supported on a 
curve, such a function ipo exists and is the eigenfunction corresponding to the 
lowest eigenvalue of H aar . Let us define the unitary transformation 

U: L 2 ^L% :=L 2 (R d ,^ 2 dx), Uf:=^f, f G L 2 

and denote the eigenvalue corresponding to i/jq by Eq. Furthermore, consider 
the sesquilinear form 

(9) SaaMA) =S aaT (U- 1 ^,U- 1 <t>)-E (U- 1 ^,U- 1 <f>), 

for rl),(t> e D(S aar ) = VF 1 ' 2 ^, ^ 2 dx). 

Similarly as for regular potentials, after the unitary transformation the in- 
formation about the singular potential is comprised in the weighted measure, 
i.e. we have 

Theorem 3.1. The form E aav admits the following representation 

(10) £ aar (^,(f>) = I (W)(V^)Vod:r, for ^,<f> e D(£ aar ) . 

Proof. To show the claim let us consider first the form £ aaT {U~ l ip,U~ l 4)) for 
ip,<j) S Co°(E d ). Using (4) we obtain by a straightforward calculation 

£ QCTr (C/-V, trV) = -a [ 7 CTr (#^o)d(Tr + 

(11) ( [(VV>)(V^)Vo + (V^)^oVVo + VW)VoV^ + #(V^o) 2 ] dx . 
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The last term in the above expression can be expanded by integrating by parts 
in the following way 

(12) f V0(W>o) 2 dx = - f V(#VVto)^dds 

JR d JR d 

+ / £r r (^<M))(dn V'O + 9+Vo)dcr r . 

To deal with the last expression we expand by differentiation the term of the 
r.h.s. on (12) onto three components, use boundary conditions (5) and the fact 
that -00 is the eigenfunction of the Laplacian with these boundary conditions. 
Finally, putting together (11) and (12) and inserting it to (9) we obtain the 
equivalence (10) on C^°(R d ). Extending it by continuity to D(£ aav ) we get the 
claim. □ 

Since our aim is to estimate the spectral gap we assume that 
(13) 

the bottom of the spectrum of H aar consists of two isolated eigenvalues. 

Let Ei = infy,_|_^ 0) ||^,|| =1 £ aar (ip,ip) denote the first excited eigenvalue and de- 
note by Vt a corresponding eigenfunction. It follows from (9) that 

(14) Ei - E = £ aar [Ui;i}/Ui\\ 2 , 

where we use the abbreviation £ at j T [(f)] = £ aar (4>,4>). If Ei is degenerate the 
formula holds for any eigenfunction. Using Theorem 3.1, we have 

Corollary 3.2. The spectral gap between the two lowest eigenvalues of H aar is 
given by 



Ei — En 



2 



iP 2 dx/U " 2 



Let us note that notations tpi correspond to tp Ki where Ei = —k 2 from The- 
orem 2.4. 



4. Estimates for the lowest spectral gap of Hamiltonians with 
interaction on a finite curve 

The aim of this section is to derive explicit estimates for the lowest spec- 
tral gap of H aav . We will use the general results obtained in Section 3, and 
apply them to a two dimensional system. More precisely, let V C M? be a fi- 
nite curve given as the range of the C 2 -parameterization [0, L] 3sh 7(5) = 
(71 72(s)) £ H^ 2 without self-intersections. (Exception: If T is a closed curve 
the starting and end point of the curve coincide. In that case we also require 
that the first two derivatives of the parameterization 7 coincide at the parameter 
values and L.) We assume that V is parameterized by arc length. 

Denote by mp a constant satisfying mp < L if V is closed and mr < L 
otherwise. By the C 2 -differentiability assumption on 7, for each mr, there 
exists a positive constant M 7 := M 7 (mr) such that 

(15) M 7 (m r )|s-s'| < |7(s)-7(s')| for s,s'el with \s — s'\ < mr , 
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where \ j(s)\ = \J"li(s) 2 + 72(s) 2 - We choose M 7 (mr) to be the largest possible 
number satisfying inequality (15). Then m-p > M 7 (mr) is a non-increasing, 
continuous function. 

The estimates we will derive depend on the geometry of the curve through 
its length L, the diameter of T, the maximum 

K := max x(s) 

of its curvature k : [0, L\ — > E, and the values M 7 (L/2) and M 7 (L/2), where 7 
is defined in (29). 

Remark 4.1. In fact our methods work also for C 1 -curves which are piecewise 
C 2 regular. This means that there are finitely many values 0=:si,...,sat:=L 
such that 7: ]sj,Sj + i[— ► E 2 is of class C 2 for each i G {l,...,iV — 1} and 
at each point 7(s«) the curvature of T jumps by an angle (fi. In this case 
the proofs become somewhat more technical. The constants which under the 
global C 2 -assumption depend only on the curvature are in the more general 
case additionally dependent on the angles <p2, ■ ■ ■ , ipN—i- 

Following the general discussion given in Section 2 we can construct the 
Hamiltonian H aar with a perturbation on T as the operator associated with 
the form £ aar given by (4). Furthermore, the operator H aar is associated to 
the boundary conditions (5). 

To derive estimates for the lowest spectral gap we will work in an appropriate 
neighbourhood of T and to this aim we will introduce the following notation. 
For e > let C e be a convex hull of the set T t := {x G E 2 | dist(x, T) < e}. We 
denote 

C := C , R:= inf{r > | 3x G E 2 : B r (x) D d} . 
Let xq G E 2 be such that Br := Br(xq) D C\. 

Remark 4.2. For a connected curve T we have clearly R < 1 + ^. In the 
general situation, where T consists of several topological components this is no 
longer true, and R and L are completely independent parameters of our model. 

We employ Corollary 3.2 and the Holder inequality to obtain the lower bound 
for 

(f R |V/|dx) 2 

(16) E, - E > 7" ' „ ' inf Vo(*) 4 , 

where / := Vi/V'o, cf. [KS87]. 

Set m := ^T^Ei for % = 0, 1. The main result of this section is contained in 
the following statement. 

Theorem 4.3. Suppose that assumption (13) is satisfied. Then the lowest 
spectral gap of H aar can be estimated as follows 

(17) E 1 -E >K 2 1 HT,a(P^o)e- Cop , P :=k R 

where /Ur, a (-, •) is a polynomial function and Cq is an absolute constant. 
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The precise formula (45) for the function p-p^a is derived at the end of Sec- 
tion 6. For the proof of this theorem we need several lemmata estimating the 
behavior of all ingredients involved in the r.h.s. of (16). They are collected in 
the subsequent sections. 

5. POINTWISE ESTIMATES ON THE EIGENFUNCTIONS 

5.1. Lower bound for the ground state. The first step is to obtain a lower 
bound for inf^g^ ipo(x). The sought estimate is given in the following 

Lemma 5.1. (i) The ground state ipo of H aar is a simple eigenf unction, 
(ii) The function ipo is strictly positive on M 2 and moreover we have 

e -2p 

(18) inf ip (x) > CiK - =||^ ||, where p = n R, 

xeB R l + yj zp 

and C\ is a positive constant. 

Remark 5.2. It is useful to note that the integral kernel of the inverse of the 
two dimensional Laplacian has the following representation 

(is) a"( x - xO = ^ 1 5^d P = i-A-oMx -A), 

where Kq is the Macdonald function [AS 72]. 

Proof of Lemma 5.1. (i) To prove the theorem we will use the representation 
ipo = R^x a r w °' (^)- Using the same argument as in [Exn05] we conclude that 
wo is a simple, positive eigenfunction of R^ ar , (the argument from [Exn05] 
can be extended to curves which are not closed). This implies the simplicity of 
ipo- 

(ii) Since the kernel of ur is a strictly positive function and wq is positive 
we have 



(20) 



*W = (^3)W= [ G KO (x-x')wo(x')da r (x')>0. 

Jr 2 



Furthermore, using the representation G K (£) = ^Ko(k£) (see Remark 5.2) and 
the behavior of the Macdonald function Kq, cf. [AS 72], one infers the existence 
of a constant C2 > such that 

G K (0 > C 2: 



Combining this with the positivity of wq and formula (20) we get 
inf Mz)>, ,H G KO (x-x / )|ko||Li( CTr )>C 2 (l+^27)- 1 e- 2 "|| U ;o||Li( CTr ). 

Moreover it follows from formula (23) in Section 5.3 that 2 3 / 2 7mo||V ; o|| < II^oIIl 1 ^) 
which completes the proof. □ 

Let us note that the above result is analogous to the one obtained for regular 
potentials in [KS87]. However the method used there is mainly based on the 
Feynman-Kac formula which cannot be directly applied to singular potentials. 
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5.2. Localizations of zeros and maxima of eigenfunctions. To obtain an 
estimate on the gradient which is involved in (16) we need some informations 
on the behaviour of the functions ipo and ip±. For this aim we will localize their 
zeros and maxima. 

Let us recall that v is a subsolution, respectively supers olution, of the equation 
(—A — E)u = in an open set f2, if (—A — E)v(x) < 0, respectively (—A — 
E)v(x) > 0, for all x G 0. In the sequel we need the following fact, see 
e.g. Lemma 2.9 in [Agm85]. 

Lemma 5.3. Let v be a subsolution of the equation (—A — E)u = in an open 
set fL Then v + := max{v,0} is also a subsolution of the same equation in fi. 

Our next task is to localize the maxima, minima and zeros of eigenfunctions 
of H aar . 

Proposition 5.4. Let ip be a real eigenfunction of H aar with negative eigen- 
value E. Then all its maxima and minima lie on T. If ip is not the ground 
state, at least one zero of ip lies in C. 

The analog of the proposition holds for proper potentials as well as singular 
ones in arbitrary space dimension. 

Proof. Let ip be any eigenfunction of the operator H aar to the eigenvalue E < 0. 
Then for any e > 0, on the complement of T € we have — Aip = Eip. For 
tp + := m&x{ip, 0}, ip- := max{— ^,0} we have again 

(21) -A^ + < Eip + - Atp_ < Eip^ on R 2 \ T e . 

By the strong maximum principle, ip + ,ip- assume their maxima inside T e , un- 
less they are constant, cf. for instance Thm. 2.2 in [GT83]. The latter can only 
occur if we consider a bounded region with boundary conditions which are dif- 
ferent from Dirichlet ones. Thus the minima and maxima of ip are contained in 
P| e>0 T e = T. If ip is not the ground state, at least one of its zeros is contained 
in C since ip is real. □ 

5.3. Relation between norms. 

Lemma 5.5. Let ip be an eigenfunction of H aar to E = —k 2 . We have 

La 



(22) MS 2 , /W 
where L is the length ofT. 

Proof. To prove the claim we will use the representation 

iP(x) = iP K {x) = {Rl w K ){x) = / G K {x - x')w K {x')da v {x') , 

cf. (20) and the Fourier transform of G K given by (19). A straightforward 
calculation yields 

( 23 ) IHI 2 < J^s f R2 {p 2 I ^ P^Wr) = ^-'iMli^r) • 
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Combining relation (7) with the fact that the maxima and minima of ip lie on 
T we obtain 

(24) |H| L i ((7r) < L|Mloo = aL||V>||oo • 

Applying (24) to (23) we get the desired inequality. □ 



Lemma 5.6. Let ijj be an eigenfunction of H af7r with the corresponding eigen 
value —k 2 . There exists a positive absolute constant 7]o such that 

(25) WW > 7T . 7^7 5 . ^ ~ mKR 



(c r 5 a + iy(K 2 + l) 

where c§ := max{2c4,C3 + c\ log(max{l, L})} and dj and c\ are taken from 
Corollary 6.7. 

Proof. In the sequel we will use the following fact: If the curve V is parameter- 
ized by arc length, then at each point x S T the vector tangential to V and the 
unit normal vector form an orthogonal basis. 

Denote by v a point in R 2 where tp assumes its maximal value, i.e. ^(v) = 
IIV'II 00 - We know from Lemma 5.4 that v £ T. Denote by A the square centered 
at v with sidelength 26 whose sides are parallel to the tangential, respectively 
the normal vector of the curve T at the point v. Let x be an arbitrary point in 
A. To estimate \ip(x) — ip(v)\ we would like to apply the fundamental theorem 
of calculus to the gradient of ip and an auxiliary curve connecting x and v. The 
natural choice would be a line segment joining the two points, however this 
segment might be tangential to V. In this geometric situation we do not have 
good control of VY>. 

For this reason we consider the following picewise linear curve connecting v 
and x: join a; by a linear segment parallel to the normal vector of T at the point 
v to the boundary of A, do the same for v. Along this boundary edge of A joint 
the two line segments by a third line segment. This curve has at most length 
46 

Now we complete the proof of the lemma along the lines of the proof of 
Proposition 6.10 using the upper bound on the gradient obtained in Propo- 
sition 6.8. In the present situation the argument is actually somewhat sim- 
pler than in the proof of Proposition 6.10. One has to choose the parameter 

6 = p ((cga + 1) 2 (k 2 + 1)) 1 e~ VoP with an appropriate positive constant r/o, 
cf.(42), and then establish analogues of the inequalities (42) and (43). 
This argument implies that 

|^(x)-V(«)|<^Woo 

for all x G A if the sidelength of A obeys 

26 = 2 — e~ mp 

( C r a + 1) 2 ( K 2 + 1) 

Finally, by a straightforward calculation we get 

(x) 2 dx > 6 



J A 



1a„ \ *,2||„/,||2 

00 
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which completes the desired result. □ 

5.4. Exponential decay of eigenfunctions. The following result on the ex- 
ponential decay of eigenfunctions from [Agm85] will be useful in the sequel. 

Lemma 5.7. Let R > R and ip be an eigenfunction of H aar corresponding to 

the eigenvalue E = — k 2 , where k > 0. Set 4>(x) = 4>(\x\) = \J R/\x\ e - K (\ x \~R) . 
Then the following estimate holds 

\ip(x)\ < |M|oo0(z) for x € D c := R d \ D, D := {x \ \x\ < R} . 

Proof. <^> is a supersolution and is by Lemma 5.3 a subsolution of the equation 
(—A — E)u = in D c . Thus for any constant C4 > the function 

(26) F = (C 4 0-|V|)- 

is a supersolution. We can choose the constant C4 > sup. 1^ such that F 

vanishes identically on dD. The maximum principle implies that the supremum 
of F on the closed set D c is assumed at its boundary. Therefore 

F = on D c . 

This implies the statement of the lemma. □ 

6. Estimates on the gradient of eigenfunctions 

The aim of this section is to derive a lower bound for the expression J Br |V/|dx 
involved in (16) where / := ipi/tpo. 

The strategy here is the following. First we will derive upper bounds for 
V^O) VV>i- Combining this with the inequality 

(27) |v/ |<MdJZM + ^W 

and using Lemma 5.1 we will get an upper bound for V/. The estimate on the 
gradient gives a quantitive upper bound for the variation of the function / and 
is used in Proposition 6.10 to provide a lower bound for J Br |V/|dx. 

6.1. Preliminary estimates on certain integrals. To derive upper and 
lower bounds on gradients the following geometric notions and generalized dis- 
tance functions will prove useful. 

Definition 6.1. Let S be a line segment of the length 26 intersecting the curve 
T at the mid point. We call y 6 M 2 \ F an S-admissible point, if the following 
hold: 

there is a unit vector e parallel to S (up to orientation) such that 

e s :={y-te\te [0,oo[} 

intersects T. Denote t\ := min{£ 6 [0, 00 [| y — te G T} and let s y E [0, L] be the 
parameter value such that 

i{s y )=y-he (erne 5 ). 

Denote by 9 the angle at which 65 and V intersect at 7(s y ), more precisely 

cos 9 := (e, t{s y )) 
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where t(s y ) := j'{s y ) S M 2 is the (unit) tangential vector to the curve T at the 
point "y(s y ). Assume that the angle 9 is neither zero nor ir, i.e. 

| cos 6*| < 1 . 

Denote by ds(y) = t\ the distance between y and ^y(s y ), which is also the 
distance form y to T along @s- Thus for any y G S we have ds(y) < b. 

Remark 6.2. In our application in the proof of Proposition 6.10. we will only 
need to consider line segments which intersect T at an angle which is at least 
7r/6, i.e. we have | cos 6\ < \/3/2. Therefore we assume this bound in the sequel. 

In the following we assume that S is a line segment intersecting V and y £ 
M? \ T an S'-admissible point with vector e in the sense of Definition 6.1. 

Lemma 6.3. Define the function (ft: [0, L] — ► R as i/ie ang/e 0(s) between the 
vector e and the vector j(s) — j(s y ), more precisely 

g(s) := cos(ft(s) := (e,t{s)) , 

where t(s) := t(s)/\t(s)\ is the normalization of the vector t(s) := r y(s) — 'y(s y ). 
Then we have 

2K 

(28) \g(s)-g{s y )\ < M ^ m ^ \s - s y \ for \s - s y \ < m T . 

Proof. In the proof we will denote by s' a generic value in the interval [s y , s] 
and it may change from estimate to estimate. 

First we calculate and derive a bound for g'. A calculation using the product 
rule gives 

d ( r{s) n t'(s)(t(s),t(s))-t(t(s),t'(s)) 



ds\\T(s)\J «r( a ),r(a)))3/2 

This can be expressed more geometrically by means of the orthogonal projection 
P(s): M 2 i — ^ R 2 onto the line orthogonal to the vector t(s). The formula is 
P(s) = I — ^y^L^ = \h(s)){n(s)\, where we use the Dirac brac-ket notation, 
h(s) denotes a unit vector perpendicular to t(s) and / is the identity operator. 
Then we have 

d r+( „ P(s)r'(s) 

dS {t{s)) = ~TW ■ 

Now, since t(s) = 7(5) — 7(5^) we obtain t'(s) = ^f'(s) and consequently 

, _ (e,ra(s))(n(s),7 / (s)) 

9{) ~ \r(s)\ 

For s close to s y we expect (n(s),Y(s)) ~ (n(s y ), j'{s y )) = 0, where n(s) is 
a unit normal vector to the curve at the point 7(5). Let us make this more 
precise. 

From Taylor's formula for the curve 7 : [0, L] — > M 2 it follows 

r(s) = 7 ( S ) _ 7 ( Sy ) = ( S _ Sj/ ) t ( Sy ) + ( g - ^) 2 y/ (s / ); for s / G a] 



14 
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and therefore we get 



r(s) 



S Si, 



This gives the following estimates 



|r( S )| -\s-s y \\< \r(s) -(s- s y )t(s y )\ < ^-^| 7 'V)I < K{ \ Sy? 



and 



t(s) t(s) 



IS-Sy \t{s) 

which, in turn, imply 



< \r(s) 



\t( S )\ - (S-Sy) 



(S - S y )T(s) 



< 



K \s — s„ 



\i(s)-t( S y)\ < 



r(s) 



T[S S — S,, 



+ 



T S 



S Sn. 



t(Sy) < K \S — Sy\ . 



An easy calculation shows that \h(s) — n(s y )\ = \t(s) — t(s y )\. Combining this we 
the above inequalities we can estimate the sought expression for \s — s y \ < mp 



i^ii<«,«(.))w.),y(.))i s ^J, , iw.),V(.»i 



< 



1 



M 7 (mr)|s — s y 

W(s)\ < 



\(n(s y )^(a))\ + \n(s y )-n(s)\m8)\ • 



Using the formula = t'( s 2/) + ( s ~ s y)l"( s> ) f° r s ' £ [ s yi s ] we arrive at 



M 7 (m r ) 

Since # is continuously differentiate, by Taylor's formula there is a number 
s' G [sy, s] such that 

9(s) = g(s y ) + ( s - s y)9'(s')- 

This finally implies 



\g(s)-g(sy)\ < |a-a y |||</||oo < 



2K 



M 7 (m r ) 



s — s 



y\ ■ 



□ 



Lemma 6.4. Let S be a line segment intersecting F and y G M 2 \ T an 
S -admissible point with vector e in the sense of Definition 6.1. Set 5q = 
S (9,K,M 7 {L/2),L) = min{f, M ^ /2)1 "^ ose| } and t > \{l - |cos0|) > 0. 
Then we have for all s £ [s y — 5q, s y + 5q] n [0, L\ 

\y-l{s)\ 2 >r (dsiyf + hisy)-^ 2 ). 

Proof. Since 

t(s] 



t{s) = 7(g) ~7(gy) 

\t(s)\ \S-Sy\ 



S S7, 



l(s)-l(Sy) 



the equalities lim^^ i(s) = r(s y ) \r(s y )\ = t(s y ) and lim s ^ Sy g(s) = lim s ^ Sy (e, 
(e, t(s y )) = cos 6 hold. For 5q as in the statement of the lemma we have by (28) 

\g(s) — cos 6*| < ^(1 — I cos 6*|) for all \s — s y \ < 5q , 
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which implies \g(s)\ < ^(1 + | cos#|) < 1. Now the cosine formula gives us 
\y - 7 (s)| 2 = d s (y) 2 + \j(s y ) - 7 (s)| 2 - 2d s (y)h(s y ) - j(s)\g(s) . 

Set now f := 1 — \g(s)\. By the definition of 5q we have f > r, which is positive 
since | cos#| < 1 by Definition 6.1. Therefore the binomial formula implies 

|y_ 7 ( S )|2> f (ds( J/ ) 2 + | 7 ( Sy )-7( S )| 2 ) . 

□ 

Remark 6.5. In the following we will need a lower bound for | (7(5) — j(sy)(s — 
s y )~ 1 \ uniform with respect to s £ [0, L\. Such a lower bound does not exists if 
r is a closed curve parameterized by 7 in such a way that s y = 0. In this case 
define a new parameterization 7: [0, L] — > R 2 by 



(29) j(s) 



7 ( s + f) forsG [0,f[ 
7 (s-§) for s£ [|,L]. 



It is easily seen that any arc segment f C T of length L/2 or less which contains 
the point 7(0) in its interior (relative to the set T) cannot contain the point 
j(L/2) = 7(0). This shows that 

(30) inf M 7l (m r ) = min{ M 7 (m r ), M 7 (m r )} =: M(m r ) for m r < L/2, 

71 

where 71 runs over all arc length parameterizations of T. Thus M := M(L/2) 
can be used for all parameterizations as an lower bound in (15) for intervals no 
longer then L/2. 

Choose now a parameterization 71 of the curve such that s y = L/2. This 
implies that for any s G [0, L] we have |s — s y | < L/2 and thus |7i(s) — Ji(s y )\ > 
M 11 {L/2)\s - s y \ > M\s - Sy\. 

In the following we will again write 7 instead of 71, but the subsequent esti- 
mates are not affected by this change since we have the universal bound (30). 
For the same reason we will also suppress the dependence on the parameteri- 
zation of some constants which depend on the value M 7 (L/2), since it can 
be bounded independently of the chosen parameterization 7 using M. 

In the next lemma we will use the abbreviation As '■= [s y — So , s y + do] PI [0, L] , 
A So := n/(Ato). 

Lemma 6.6. (i) Let y £ Br\T be an S -admissible point. For M as in Remark 
6.5 and \y — j(s y )\ < bi := Mbo/2 we have 

1 f dar(x) ^ r 



(31) -r- \ "i f < c - 4 log d s (y) , 
27T Ja S() \y-x\ 

where the constant c\ depends only on 0,K,M,L and c\ only on M. 
(ii) Moreover we have 

(32) 1-f *5«< * Oo.L+llogibl). 
2tt Jr\A So \y-x\ ttM 

If T is not a closed curve, we can replace M by M 7 (L) by the monotonicity 
of the function M 7 (-). 
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Proof. We first prove statement (i). Since \s y — s\ < 5q < L/2 we get \j{s y ) 
7(s) | > M\s y — s\. Using now Lemma 6.4 we obtain 

\y - i{s)\ 2 > t (d s (y) 2 + M 2 \ Sy - s\ 2 ) . 
Applying the above inequality we can estimate the integral 

1 f da r {x) 1 f ds 1 f s ° ds 

2^ Ja So \y~x\~2^ J Asq \y - 7 (s)| " ttM^T J y/(d s (y)/M)* +W 



1 



\og(d s (y)/M) + log $0 + \ (d s (y)/Mf + 5 { 




< „, r - log d s (y) + log M + log 

where in the last estimate we use the inequality ds(y) < b±. Using the explicite 
formula for 5o one can check that the dependence of the constants c\ , c\ is 
precisely as stated in the lemma. 

(ii) First, let us note that for all s G [0, L\ \As and \y — j{s y )\ < b\ we have 
. . ■ ■ . « ... ... , ,. . M5q M\s v — s\ 

\V ~ 1(S)\ > h(Sy) - 7 ( S )| - \y - j(Sy)\ > M\Sy - S \ ~ ~^ > — ^ ^ . 



Consequently we get the following inequality 

dar(x) 1 f ds 



l_ f da r (x) < i r 
2 ^Jr\A So \y-l{s)\ - J [oMXAto \s y 



s 



2 f L ds 2 



'<5o 

which completes the proof. □ 

Corollary 6.7. Let y G M 2 \ F be an S -admissible point in the sense of Def- 
inition 6.1. Assume that ds(y) < min{l,6i} and |cos#| < y/3/2. Then there 
exist constants dj = c\{M,K) and c\ = c\{M) such that 

(33) ^- / ^4 < 4 + c 4 r (logL + I logd s (y)\) . 

6.2. Upper bound on the gradient. In the sequel we will be interested in 
the behavior of the gradient of an eigenfunction in some neighbourhood of F. To 
this end we consider a line segment S intersecting F and an S-admissible point 
y G M 2 \ F as in Definition 6.1. We assume b < min{l, 61} and | cos#| < \/3/2. 

Proposition 6.8. Let ip be an eigenfunction of H aar corresponding to the 
negative eigenvalue E = —k 2 . Let S be a line segment intersecting F and y G 
M 2 \r an S -admissible point. Then we have with the notation from Definition 6.1 
and Lemma 6.6 (ii): if b < min{l,&i} ; then 

(34) |W(y)| < [S K ,r + acl\logd s (y)\] ||VIU, 
where 

S K , T ■= 2k 2 (R + 1) + C 5 (itR) 1/2 e KR + a(<$ + c\ log(max{l, L})) , 
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dj depends only on M,K and c\ depends only on M. 

Remark 6.9. For the reader's convenience let us write down the estimate (34) 
in the case that S is perpendicular on T, 9 = ir/2 and ds{y) = dist(y, T). Then 
we have 

|V^(y)| < [S K} r + ac\\ log dist(y, T)|] ||V||oo - 

Proof. The fundamental solution of the Laplace equation in two dimensions is 
given by 

log \x — y\ 



G(x,y) = Q{\x - y\) 

e a domain i 

formula 



2vr 

Let Q be a domain in M 2 and u G C 2 (£l). Then the Green's representation 



i i , ,dG(x,y) 

u{y) = / u(x) 



G(x,y) — d<Tr(x)+ / G(x, y)Au(x)dx for y G O 

ov x ) Jn 



'an V 9v x 

holds. Here ds(x) denotes the surface element and -J^- the outer normal deriv- 
ative at x. Let H be a bounded domain with positive distance to the curve T. 
Consequently, for the eigenfunction tp satisfying Aip = K 2 tp on Q the Green's 
representation formula implies 

4>(y) = K 2 I G(x,yMx)dx+ f L{ x )^p^-G(x,y)^-\da v (x). 
Jn Jan \ av x ov x j 

Now choose a monotone increasing sequence U„,n 6 N of domains as above 
such that (J n = T c , where T c stands for the complement of V. Then we have 
for any y G T c 

(35) 4(y) = 

= lim (W G(x,y)i;(x)dx+ [ ^( x )^p^- - Q(x, y)^-)da r (x)) 
n ^°° V Jn n Jan n ov x du x ) 

= k 2 G(x, y)tp(x)dx — a / G{x, y)ip(x)do~r(x) . 
Jr 2 Jr 

Here we have used several facts. Firstly, given y 6 T c the functions d Ux G(-,y), 
G(-,y) and ip(-) are continuous. Secondly, the part of the boundary d£l n which 
tends to infinity has a vanishing contribution to the integral in the limit n — > oo. 
The remainder of the boundary dVL n tends for n — > oo to two copies of T with 
opposite orientation, i.e. opposite outward normal derivative, and formula (5) 
holds. In view of the exponential decay established in Lemma 5.7 the first term 
in the last line of (35) is finite. Now, taking the gradient of ip and using the 
chain rules we obtain 

(36) Vm = «» / V yff (x, - a I V 9 5(x, ^(.^(x) . 

Jr 2 Jr 

To deal with the singularity V y G(x, y) = 2 -K\x-y\ we s P n ^ * ne integral over M. 2 in 
two regions, the ball Br+i = Br + \{xq) and its complement B c R+l . Employing 
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Lemma 5.7 we get 

(37) mm < J (/ bb+i + 



The first integral can be estimated by 



/ ttt^ ; dx < f n — r~ :dx = 2R + 2. 

J Br+1 2tt\x - y\ JB 2(R+1) (y) 2vr|x - y\ 

Using again Lemma 5.7 and the fact that R > 1 we can estimate the second 
integral 



I 1 ^+^ e -^\-(R+D) dx < C 5 K- 3 / 2 ^Re KR , 

J B R+1 2 k\x - y\ y \x\ 

where C5 = 2 J °° ^/xe~ x dx. By Corollary 6.7 there exist constants C3 and c\ 
such that the estimate 

(38) j T 2iT\x-y\ dar{x) < «( c 3 +^(logL+|logd 5 (y)|)) 

is valid. Combining the above estimates we obtain the claim. □ 

6.3. Lower bound on the gradient. In Proposition 5.4 we have localized 
the zeros, minima and maxima of eigenfunctions of H aav . Choose two points 
Uo,«i G T such that 

0i( v o) = hif ipi(x) < and ipi(vi) = sup ipi(x) > 0, 

a;<ER 2 xeR 2 

Taking appropriate scalar multiples we may assume the normalization ip\ (v\ ) = 
IIV'illoo = 1 and 1 1 "00 1 1 00 = 1- This means that f(vo) < and moreover 

\ 1101 lloo . 1101 lloo -, 

Vo{vi) 1 1 -00 1 1 00 
The following lemma states a lower bound on J B |V/(x)|dx. 

Proposition 6.10. There exists a positive constant (3q such that 
J Br \cu% + + 1) 4 C(k ) 



where 



At \ f 1 fOT K ° - \ D 

C(«o):={ .i^o for 1 , P = *oR, 



TogT for K 0<2 

C5 = max{2c4,C3 + c\ log(max{l, L})} and C3 and c\ are taken from Corol- 
lary 6.7. 
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Proof. As was already mentioned, in order to estimate V/ we will relay on 
Proposition 6.8 which gives upper bounds on V^o an d V^i- Recall that 
Eq = —Kg, Ei = —k\ are eigenvalues corresponding to tpo, respectively tpi. 
First let us note that since 5 Kj r is an increasing function of k and kq > K\ the 
inequality (34) implies 

(39) \ViPi(y)\ < [S + ac\ | log d s (y) |] H^IU, for % = 0, 1 , 
where we abbreviate 

S := S K0>r = 2k 2 (R + 1) + C7 5 p 1/2 e p + a (4 + c\ log(max{l, L})) . 

To make use of the inequality (27) we need some estimates for ipQ 1 which, in 
fact, can be directly derived from Lemma 5.1, i.e. we have 

(40) sup ^\ y ) < cf^o^i + y^ivoir 1 • 

yeB R 

Combining this with the statement of Lemma 5.6 and using our normalization 

IIV'olloo = IIV'ilU = 1 we get 

sup %\y)<TD 1 
y&B R 

where 

T := C -i (^ + 1 ) 2 (^ + 1 ) , D:={1 + ^2p) e ^ , 

and C5 = max{2c4, C3 +C4(logmax{l, L})}. Applying the above inequalities to 
(27) and using again our normalization we have 

(41) |V/(y)| < (S + ac r 4 \logd s (y)\)TD(TD + l). 

Now choose two parallel line segments So an d 5*1, which are not tangential to 
r, of length 26 and such that Si n T = v j is the midpoint of Si for i = 0, 1. Thus 
any y € Si is a ^-admissible point and the expression ds^y) is well defined. 

We can suppose without loss of generality, that the line passing through vq 
and vi is the yi-coordinate axis, vq = (0, 0) and C = dist(vo, v\), in other words 
v\ = (C,0). Furthermore, denote by 9c the angle between the yi-axis and the 
segment So- Let us note that it is always possible to choose the segments S^in 
such a way that the smallest angle formed with the tangential vectors of F at 
the points Vi are at least tt/6 and simultanously 9c is also at least tt/6. 

Our first task is to estimate the behavior of / near vq. With the parame- 
terization assumed above any y £ So thus has coordinates y = (2/1,2/2) where 
J/2 = 2/1 tan 6c = ds (y) sin 9c- For such y we obtain using the fundamental 
theorem of calculus and inequality (41) 



(42) \f(y)-f(v ) 



f ds o(y) /cos 9c\ 

J V/(rcos^,rsin^).^. n0 Jdr 

r d s (y) 

< / |V/(TCOS0£,TSm0£)|dT<£(6,Ko,p), 

Jo 
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where £(&,rc ,p) := b(S +acl(\ log b\ + l))TD(TD + l). Choosing b small enough 
we can make £(b,Ko,p) arbitrarily small. More precisely, by Lemma A.l and 
Corollary A. 2 we know that there exists a positive constant (3q such that 

(43) W,ko,p)<\ for b= r , e-^, 

4 (ac L 5 + l) b (/eg + 1) 4 C(k ) 

where the function £ is defined in the statement of the proposition. 
Finally, using (42) we get 

f{y)<\ on S . 

Similarly, for Si, respectively b small enough we obtain f(y) > 3/4 for all y G S±. 
Using these inequalities we estimate the integral of the gradient of / on the strip 
T ■■= {(yi,V2) \ yi = Tcos9 c + l,y2 = Tsm9 c ,T £ [-b,b],l e [0,C]} 

J m{y)\dy> J \a^f(y)\dy 

>|sin#£ / (/(rcos0£ + £, r s'm9c) — f(r cos 0£, r sin#£)) dr| > | sin6>£|6 , 

where we again employ the fundamental theorem of calculus. Using the fact 
that | sin#£| > 1/2 we get 

(44) / |V/(y)|dy > r ' 

./b h 2(ac L 5 + l) b (^ + 1) 4 C(k ) 

□ 

Proof of Theorem 4-3. Inserting the inequalities given in Lemmata 5.1, 5.5, 5.6 
and 6.10 into the estimate (16) yields 

where 

(45) ^(p, .o) :- ^ (La) 2 (1 + ^ )4(K 2 + 1)1 o (c r a + 1)16e(/to)2 > 

where C-j is an absolute constant, c\ := max{2c4,C3 + c\ log(max{l, L})} and 
dj and are taken from Corollary 6.7. This proves the claim. □ 

7. Closing remarks and open questions 

Dependence on the second eigenvalue. Apart from the parameter kq correspond- 
ing to the ground state energy, k\ is also involved in the lower bound for the 
first spectral gap 

(46) E 1 -Eq> K?/ir,a(p, ^)e~ Cop , with p := k R . 

In fact, the appearance of k\ here is natural since we assumed explicitely the 
existence of the second, isolated eigenvalue. For effective estimates of the spec- 
tral gap we would need lower bounds on k\ . The following observation is helpful 
in many situations. Suppose that for a Hamiltonian H a(Tr the value C aa is a 
lower bound for n\. Then C aa is also the corresponding lower bound for all 
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i?Q,,<Tp) where a > a and f D T. The above statement is a direct consequence of 
the form sum representation of the Hamiltonian and the min-max theorem. In 
general the question whether a second eigenvalue exists is quite involving and 
will be discussed elsewhere. 



Strong coupling constant case. There is one case where the function counting 
the number of eigenvalues is known. This is the situation where the singular 
interaction is very strong, more precisely a — ► oo, cf. Remark 2.5. In particular, 
if T consists of one closed curve, the asymptotic behaviour of the eigenvalues 
implies the following estimate on the first spectral gap 

(log a \ 
— — J for a —> oo , 

where /io>A*i are the two lowest eigenvalues of an appropriate comparison oper- 
ator. This operator is defined as the negative Laplacian with periodic boundary 
conditions on [0, L] plus a regular potential. Therefore, the estimate on the first 
spectral gap for H aar can be expressed by the gap for a Schrodinger operator 
with an ordinary potential. Denote by <fo the ground state of the comparison 
operator and 

/ max xe [ 0)L ] <po (x) 1 



a := 

Theorem 1.4 in [KS87] implies 



Vmin^o^] (p (x) 



2vr\ 2 /2vr 



, < m - < a 

Note that the quotient a is independent of scaling by L. Since we are considering 
a single closed curve, L/2 < R and thus Hi — Ho > a -1 (^) . Hence in the 
considered situation the lowest spectral gap decreases only polynomially in 1/R, 
rather than exponentially as estimated in Theorem 4.3. 

Singular perturbation on an infinite curve. It is very natural to pose the ques- 
tion whether the results obtained in the present paper can be extended to 
Hamiltonians with a singular potential supported on an infinite curve. If the 
curve is asymptotically straight in an appropriate sense then the essential spec- 
trum is the same as in the case of a straight line. If the curve is non-straight, 
the existence of at least one isolated eigenvalue was shown in [EI01] and the 
function counting the number of eigenvalues for the strong coupling constant 
case was derived in [EY02]. 

The estimate obtained in the main Theorem 3.1 should hold for infinite curves 
as well. However, to obtain this result, one has to analyse the behavior of 
certain eigenfunctions and prove their exponential decay, a problem which is 
not encountered in the case of a finite curve. We postpone this question to a 
subsequent publication. 



Related estimates about eigenvalue splittings for certain infinite quantum 
waveguides have been derived in [BE04]. 
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Appendix A. Proof of inequality (43) 

In this appendix we complete a technical estimate which is needed in the 
proof of Proposition 6.10. More precisely, we prove here the inequality (43) on 
the function £(&, kq, p). 

For the reader's convenience let us recall some notation introduced in the 
proof of Proposition 6.10. Define 

£(&, ko, p) := b(S + ac\{\ log b\ + l))TD(TD + 1) , 

where 

T := c -i(^+l) 2 K + l) D := (1 + v^)e<*»+ 2 >' 

K p 

p = k R and S := k%(2R + 2) + C 5 p^ 2 eP + a(c\ + c\ log(max{l, L})). Let 
us introduce a one parameter family of functions defined by 

, , x {kqP) 2 P - Pp , , f 1 for K > 5 

+ l) b (Kg + 1) 4 C(K ) I- -T5i2" tOT K < 2 • 

Lemma A.l. There exists an absolute constant Cg such that for (5 > 2r/o + 5 
we have 

£(bp,K ,p)< 



P - 2r/ - 5 ' 
uniformly in p and kq . 

Proof. In the following proof we will use the fact that the terms in the enumer- 
ator of T as well as C( K o) are larger or equal 1. Using the formula for T we 
obtain 

£(&, K , p) < bT 2 {S + ac£(| log b\ + 1))D(D + k oP ) 
(47) < bT 2 (S + 2acl\\ogb\)D(D + Ko p), 

where in the last inequality we assume that b < e _1 . Furthermore applying the 
explicit form for S we get by a straightforward calculation that the right hand 
side of (47) is bounded from above by 



(48) 6T 2 (^ + l) 2 (ac£ + l) 2 C(K ) 

|log&| 

Y: "T L A ac 5 



(3 + 2p + CV/V + ^-TTT^rW ^ + • 
V (Kg + l)(ac\ + l)C(«o)' 



Employing the definition of 6/3 and inserting this in the expression (48) we 
get that (48) is smaller or equal to 

(49) crV-Hs + 2 P + <v/v + ^-nr^frw > ( D + ') ■ 

V (*eg + l)(a4 +1)C(ko)/ 
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Let us estimate now the logarithmic term in (49). Using again the formula for 
bp and properties of the logarithmic function we get 

I log 6/3 1 



( K 2 + 1)(ac r + 1)c(Ko) 

^ llQgCMI , „ |lQg«0| , on I , a , lQg((^0 + l) 4 (^ + l) 6 ) 

- 71 \ +2 si \t 2 , r\ +3 logp 7 2 , 777 f I in — 

C(«o) C(«o)(«o + l) ( K o + + !) 

< C7 8 + 3|lo g/ 9| + /3/0. 

In the last inequality we estimated the first, second and last term by a constant 
C$. Inserting this to (49) we obtain that (49) is bounded from above by 

(50) Cfpe-^Cs + 2p + C7 5/ 9 1/2 e^ + 3| log p| + (3p)D{D + p) . 

Employing now the explicit form for D we estimate 

expression (49) < Ep(p) , 

where 

Zp(p) := Cfpe^ +2T '^(C 8 +2p+C 5 p 1 / 2 +3\ logp|+/3p)(l+ x /2^)(l+^+p) . 

Now we estimate the maximum of the functions p 'Ep(p) and conclude that 
there exists a positive constant Cq such that 

for (3 > 2?7o + 5. This proves the desired claim. □ 
Corollary A. 2. There exists constant (3q such that for any [3 > 0o we have 



t,(bp,KQ,p) < - , 



for all values of n ,p. 



Of course, /3q should be chosen in such a way that bp < b±, where b± is 
defined in Lemma 6.6. This is always possible because 

W^o)<p 3 e^<9e- 3 /?- 3 - 
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